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A non-linear mathematical model for the motion of a transport robot (TR) with a caterpillar chassis and with drives based on
DC motors, which is a non-holonomic electromechanical system, is considered. Non-linear canonical transformations of the
coordinates of the state and control space are constructed, which reduce the initial equations of motion of the TR to a simpler
canonical form, which is convenient for analysing and synthesizing control systems for the TR. The conditions for the TR to be
controllable as a controlled object are found. Algorithms are given for constructing programmed motions (PMs) of the TR.
Stabilizing control laws are synthesized under which the PMs of the TR are asymptotically stable and transients of a specified
nature are ensured. © 2001 Elsevier Science Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM

Consider a TR with a caterpillar chassis, whose drives employ independently activated DC motors
(DCMs), while the transmission mechanisms have absolutely rigid elements, in plane-parallel motion
along a non-deformable horizontal base. Under a number of simplifying assumptions, the motion of
the TR may be modelled by the following equation [1, pp. 112-116; 2]

X, =V.cosy ., y. =V.siny,
myV, =—kpon V. = fimg+(Qu +Qun)/ r

J W, =—kopVW, - fimg+(Qp—Qul/r (1.1)

Jid,' + kjliidi + ’;)n;:Qm = kmilai

Laiiai + Railai +keidi = Ug;

where x, and y, are the coordinates of the TR’s centre of mass (the mid-point of the axis of the drive
wheels (sprocket wheels)) in a fixed Cartesian system of coordinates Oxy; v, — the course angle — is the
angle at which the TR’s longitudinal axis is inclined to the O, axis, V. = r(q; + §,)/2 is the velocity of
the TR’s centre of mass in the direction of its longitudinal axis, which coincides with the tangent to the
TR’s trajectory of motion, i.e. V. is the projection of the velocity vector V, of the centre of mass (which
is also directed along the TR’s longitudinal axis) onto the Cx’ axis of the attached (moving) system of
coordinates Cx y’, whose Cx’ axis points from the centre of mass along the longitudinal axis of the body
of the TR to the front part of the body, it is assumed that when V, > 0 the TR moves in a direction
which coincides with that of the Cx’ axis, but if ¥, < 0, it moves in the direction opposite to that of
Cx’, a dot over a symbol denotes the operation of differentiation with respect to the time ¢,  and ¢,
g are the radius and angular velocities of the drive wheels (sprockets) of the left and right sides of
the TR, respectively, ¢, = (§; — ¢1)r/(2!) is the course angular velocity of the TR about a vertical axis
passing through its centre of mass, 2/ is the width of the track of the TR, Q,,; and Q,; are the components
of the two-dimensional vector 0, = col(Q,;, Q) of generalized torques Q,; and Q,, conveyed from
the motor shafts through the transmission to the left and right driving wheels, P, = (Q,; + Q) =
P, + P,; is the tractive force of the caterpillars, P,; = Q,,/r is the tractive force of the ith caterpillar,
M, = (Q,2 — Qu1)lir is the torque generated by the tractive forces P,; and P, of the caterpillars, m,
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=m + 2Jo/(r?) is the reduced mass of the TR, m is the mass of the TR, J, is the reduced moment of
inertia of all rotating parts and the caterpillar on one side of the TR, J, is the total moment of inertia
of the TR about a vertical axis passing through the centre of mass, ks, and f; are the coefficients of
the drag force F. = —kgp11V. — fimg of linear motion of the TR, g is the acceleration due to gravity,
kroz; and f, are the coefficients of the drag torque M, = — kol — fomg of rotational motion of the
TR about a vertical axis passing through the centre of mass, o; is the angle of rotation of the shaft of
the ith motor.

I, = ol 12) (1.2)

is the two-dimensional vector of the currents I,; and I, in the armature circuits of the DCMs, J; is the
moment of inertia of the rotor of the ith motor, Ky is the coefficient of the drag torque of viscous friction
M,; = — kpy; 0; on the shaft of the ith motor, ¢,; and 7, are the transfer coefficient and efficiency of
the ith reduction gear of the transmission, k,,; is the coefficient of the electromagnetic moment
M; = k,,;1,; of the ith DCM, L,; and R,; are the total inductance and resistance of the armature circuit
of the ith DCM, k., is the coefficient of proportionality of the back emf u,; = k,; 0; of the ith DCM

Uy = COl(ualv uaZ) (13)
is the two-dimensional vector of voltages u,; and u,, applied to the armature circuits of the DCM and

Yr-1llr
1/rllr
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where the asterisk denotes transposition.

Note that, since the first two equations in the system of equations of motion (1.1) of the TR describe
non-holonomic constraints [3] implemented by contact between the caterpillar chassis and the supporting
horizontal surface (realized by the driving [sprocket] wheels of the caterpillar chassis), it follows that
model (1.1) for the dynamics of the TR is a non-holonomic electromechanical system.

Eliminating the variables Q, 1, Q,, @, 0z, from Egs (1.1) and also using notation (1.2) and (1.3) and
relations (1.4), we obtain the equations of motion of the TR as a system of non-linear ordinary differential
equations (ODEs) in the variables x., y., V., 11, I,

Xc = VCCOS Ve, yc = chin Ve
A V.

Ve

~F+A", 1.5)

|

A=0,+00A =|a;|. _ ,» Ao =diag]mo. /.|

ij=

= —k,

c

<

ja = L;'[ua - R;,la —-keipxo v

c

where

O = ki3 g1, ©; =k Jipng

k= A"'k;‘(i;'n;'(xa)"kfo +hkpipxgl= " kg ||i.j=l,2 (1.6)
g [ me "

F, =col(F;,F;;)=A"'©

! s °l fyme

A = @y, ©,, kf are constant 2 X 2 matrices, F; is a two-dimensional vector and 4 and J, kfos k1s £py Mpys
k,, L, R,, k., are diagonal 2 X 2 matrices with diagonal elements my, J. and Ji, kpiis Kriiis dpis Npis Kimis
L, Ryi» keis (i = 1, 2), respectively.

=
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We apply non-singular linear transformations of the variables I, (1.2) and the controls u, using the
formulae

I =col(l,,l)=A"1, (L.7)
i, = col(il,, i) = A7 L'y, (1.8)

We assume that the auxiliary controls 4,1, i, are such that
Uy =y, gy =i (1.9)

where u, and u, are the components of the vector of controls

u =col(u;, uy) (1.10)

applied to the inputs of system (1.5)-(1.9).
Then the equations of motion of the TR (1.5)—(1.10) may be written as a system of non-linear ODEs

z=F(z,u), p=«lp), 121 (1.11)

where

Z=CO|(Z], 22, 23, 24) (112)

2, =col(x,.y.)» 2o =col(V,,W,), z3 =col(T,;,¥,), z4 =col(it,,1,3)

F(z,u)=col(F(z,), Fy(z3), F(z3) Fy(z3.u) (1.13)

z; =col(ziy,2i3)s 7] =c€Ol(ZinZiaysn )y J= 5 2 =2

F(zy) = col(zy, cos 235,23y 8in 233)

Fy(23) = Cy + Cpp2yy + Dz

4
F3(23) = Cyo + Cip23p + Gz + D324

4
Fy(z5,u) = Cppzy + Ci323 + Cpazgp + 1t

—Fy —k 1y b=k
o=l o'} =] o |} 2=lo 1
ki) -Ra ~k1
“o=l_r « =l b T 0
12 R —Rfn2
1 -R 0 0 0
D, = a2, 2= il Cu= R i
0 1 ~Ke2) =R —Kex
0 - _
c,u:\__ , R,=A"'LR,A=||R,; e
a

k= A7 L ki =

et Hij=12
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Note that the state vector z (1.12) of system (1.11)—(1.13) is related to the state vector

= CO](Z|.ZQ,Z3,Z4)

7 = col(xe o) B =colVouWo), B =V Z = Iy = 0ol o) (119
of the initial equations of the TR (1.5), (1.6) by a linear transformation
z=Hz + Hpu, (1.15)
and the vector Z is related to the vector z by a linear transformation
I=Hyz (1.16)
where
R
Hy=diag(ls, Hy), Hu=|, o o [ Fo= th;LZl

0 a an
O 1 0 O

H, =diag(l4, Hy ), Hy=llay 0 0 ap
as, 00 Qs

H,, Hy; and Hyare 8 X 7,4 X 3 and 8 X 2 matrices, respectively, I, is the m X m identity matrix, Ogx
is the 6 X 2 zero matrix, O is the zero vector (matrix) of suitable dimension, #, = col(1, 0) is a two-
dimensional vector, 4™ = A, = | ay; |l;j=12 and H, and Hy; are 7 X 8 and 3 X 4 matrices, respectively.

We also note that, for the initial model (1.5), (1.6) of the dynamics of the TR, it follows from Eqs
(1.8) and (1.9) that the components u,; and u,; of the vector of voltages u, (1.3) applied to the armature
circuits of the DCMs are related to the components u; and u; of the vector of controls u (1.10) by the
relations

!
uaj = uaj(t) = Lajajl Ju|(t)d1+ Lajajzuz(t), j = ],2, t= to (1.17)
‘o

and consequently the initial equations of motion (1.5), (1.6), (1.17) of the TR are equivalent, in view
of formulae (1.7)-(1.9), (1.14)—(1.16), to the model of the TR dynamics represented by system
(1.11)—(1.13), (1.10). In what follows, therefore, the formulation and solution of the problem will be
given for the model of the TR dynamics (1.11)-(1.13), (1.10).

System (1.11)~(1.13), (1.10) is said to be controllable [4] if, for any two states z,o € R® and z) € R®
(where R" is a Euclidean n-space) and any ¢y < t1,#; — ¢y < 0, a control u = u(t) (1.10) exists such that
the corresponding solution z(r) (1.12) of system (1.11)—(1.13) satisfies the boundary (initial-boundary)
conditions

2(tg) = 250, 2(11) = 2p) (1.18)
A solution
z=2z,(1), t € [to, 1] (1.19)

of system (1.11)—(1.13), (1.10) satisfying boundary conditions (1.18) will be called a programmed motion
(PM), and the corresponding control

u=uyt),t€ [t 1) (1.20)

will be called a programmed control.
We will consider some PM z,(¢) (1.19), (1.18) of system (1.11)—(1.13), (1.10). We shall say that it is
stabilizable if a control law witﬁ feedback with respect to the state vector z, of the form
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u=u(t,z),t=1 (1.21)

exists such that the PM z,(r) (1.19), (1.18) is asymptotically stable.

The problems considered below consist of investigating the controllability and stabilizability conditions
for the mathematical model (1.11)-(1.13), (1.10) of the TR as a controlled object. Algorithms will be
described for constructing a PM and for synthesizing stabilizing control laws.

2. THE EQUATIONS OF MOTION OF THE TR IN CANONICAL FORM

The methods proposed below to investigate the conditions for controllability of the TR, the algorithms
for constructing a PM, for synthesizing stabilizing controls and for analysing the stability of a PM are
based on reducing the initial model (1.11)—(1.13), (1.10) of the TR’s motion to canonical form, using
non-linear transformations of the coordinates of the state and control space.

We will define a canonical form for describing the equations of motion of the TR to be their
representation as a linear ODE

X=Px+ 0w, x(p) =xp. 1 = 1 21)
where

X = COI(le X2, X3, X4), w= COI(WI ’ WZ)

x; =col(x,,y,), X; =col(x;,xp)=%_, =x™", i=234 (2.2)
=lo of 2=, (2.3)

x and x, are the eight- d1mens1ona1 vectors of the canonical state variables of the TR at the actual and
initial times, respectively, x{? = x{) (¢) is the ith derivative with respect to ¢ of x; = x; (), x¥ = x;;
X = x(l ) w is the two- dlmensmnal vector of “canonical” controls and P and Q are constant 8 X 8 and
8 X 2 block matrices.

3. REDUCTION OF THE EQUATIONS OF MOTION OF THE TR TO
CANONICAL FORM

We will construct a transformation of coordinates in the state space z and control space u of the initial
equations of motion (1.11)—(1.13), (1.10), which reduce them to the simpler canonical form
(2.1)—(2.1).We will seek transformations in the form

x=¥() 3.1)

w="Ws(23,u) (3.2)
where ¥ and ¥s are eight- and two-dimensional vector functions.

W(z) = col(W (), ¥y (z). W5(53), Wal(23)) (3.3)

Xy = \P| (z))= 4l (34)

and ¥; (i = 2, 3, 4, 5) are two-dimensional vector-functions to be determined.
We will now describe an algorithm to determine the unknown vector functions ¥; (i = 2, 3, 4, 5). To
do this, consider the identities

. . . . ¢ i
X =W)=2. 5" =k =¥(z)= Z @,
k=2 3Zk

4 i=2,3,4 (3.5)



876 Yu. K. Zotov

where 0W,(z5)/0z, is the m X m Jacobian. Substituting into (3.5) the time derivatives x; (i = 1, 2, 3, 4)
along trajectories of system (2.1)-(2.3) and (i = 1, 2, 3, 4) along trajectories of system (1.11)-(1.13),
(1.10), we obtain the relations

_ _f[Z1 €08 222 |f _
x, =hR(z)= 2y, sin 2y =¥, (z) (3.6)
Y.
X3 = a—az—z(:—z) E(2) = Ly(2)F(23) = K3(2) + 13(23)23 = ¥3(23) (3.7
(xz =xl,x3 =,x'2 =x§2))

TR ey
K3(22) = Ly (2, XCp + Ciaz3y). Ly(22) = L1 (2)D (3.9)
Xy = éz a—q%(:ﬁ Fo(Z5Y) = Ky(23) + La(2)24 = ¥a(23) (3.10)
(x4 = %3 = x7)
K, ()= Q%ﬁpz(zgn Ly(2,)[Cso + Cppza1 + C323] (3.11)
Ly(z) = 9—‘1;—3::—%303 = Ly(2,)Ds
w=2 a\?z(kzg) E‘(ZS”HQ\% Fi(z3,u) =
= Ks(23) + Ls(2y)u = Ws(23u) (3.12)
(w=k4=x")
Ky(zh)= i;z a_qu(_:Q F(25*) + Ly(2,XCinzy + Caszs + CaaZan) (3.13)
Ls(z,) =aigz(fﬁ= Ly(z,)

We have thus constructed the initial transformations (3.1) and (3.2) in analytical form (3.1), (3.3),
(3.4), (3.6)-(3.11) and (3.12), (3.13), respectively.

It will now be shown that the initial transformation just constructed, (3.1), (3.3), (3.4), (3.6)-(3.11)
and (3.12), (3.13), are uniquely solvable for z and u, respectively. By virtue of (3.4), we have

7y =Py(xy) =x (3.14)
Let us compute the principal minors A; and A, of the matrix L, (3.8)
A, = cos 755 > 0 for z € Q= (-1/2, 1/2)

Qp, if 2=V >0 (3.15)

A, =2z, 20 for z;, €Q,9 = .
2 42 21 221 {szl’ lf 2 =Vc <0

where

Q75 = (Ey.ky) (3.16)



Controllability and stabilization of the programmed motions of a transport robot 877

21 = (—ky,—€y) 3.17)

and ¢, and k, are certain positive real numbers, 0 < g, < k, < oo,
Throughout what follows, to fix our ideas (to avoid superfluous notation and repetition of derivations),
we will consider the case in which the set Q,;, occurring in (3.15), is of the form (3.16), i.e.

Q5 =Qp = (v, ky) (3.18)

and we introduce a certain parameter p = 1 corresponding to that case.
Note that the case in which the set Q,,, occurring in (3.15), is of the form (3.17), i.e.

Q1 = Q) =(ky,-€y) (3.19)
is treated in exactly the same way, provided that throughout the following Sections 2-6 one replaces
set (3.16) by set (3.17), set (3.18) by set (3.19), and p = 1 by p = -1. This yields estimates and propositions
similar to those formulated below.

In the case when the set Q,;;, occurring in (3.15), is of the form (3.18), it follows from Theorem 20.9
in [5, p. 484] that transformation (3.6) is uniquely solvable for z, in the rectangular domain

Qy, ={zy =col(zy,2,) € R*: 21 € Q51 = Q51,2 € Q) (3.20)

that is, the following inverse transformation exists

73 = Oy(xy) (3.21)

D, (x2) = col(Py(x2.), Pa(x2)) (3.22)

D,,(x2)=p- (X%l +x§2)y2 =2 =V, €Qp, = 9:21’ p=1 x € Qo, (3.23)
Dy (xy) = arctg(xyy / X5 ) €Q 99, X, € Q.,z (3.24)

Q‘DZ = {XZ =C0'(X2I,X22)e R2 L X9 E{RI \O}, X929 € Rl

2y = Dy(x;) € Qy, } (3.25)

Furthermore, since the matrices L, (3.8), L3 (3.9), L, (3.11) and L5 (3.13) are such that |det L(z,)| =
[z1] > &, > 0@ = 2, 3,4, 5) for z, € QW,, it follows that

rank L;(2;) =2, z; €Qy,, i=2,3,4,5 (3.26)
and inverse matrices L' (z,) (i = 2, 3,4, 5) for the corresponding values of z, € Qy, exist Consequently,

transformations (3.7), (3.10) and (3.12) are uniquely solvable for z3, z, and u, respectively, that is, they
have inverses, of the form

7 =®;(xy), i=3,4 (3.27)

where
®,(x5)= M(x5" )+ Ni(xy)x;, i=3,4 (3.28)
M (x5 = =L (@, (e DK (@5 (657)) (3.29)

Ni(xp) = L (D, (x) = DI\ L (@, (xy)), i=3,4
1@ = Lag () =[Gy o oy (520 = (3:30)
=201 @ (x3). byeaj (1) = G1Y x5 1@ (3%, j=1,2

@5 (x5 ) = col(®y(xy), Dy(x3),..., B, (x57")
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u=(])5(x;,w) (3.31)
D5 (x5, w)= Ms(x3)+ Ns(xp)w (3.32)
Mq(x3) = —L5' (@50 )K5(D3(x3)), Ns(x;)= L5 (@,(x,)) (3.33)

Thus, taking Eqs (3.14), (3.21)—(3.30) into account, we have constructed the one-to-one inverse of
the initial transformation (3.1), (3.4), (3.6)-(3.11)

7=P(x), x € Qo (3.34)
where

B(x) = col(®,(x)), Pa(x3), P3(x3), Py(x7)) (3.35)

®; (i =1, ..., 4) are the vector functions (3.14), (3.21)-(3.30), and
Qg ={xeR®: 2= D(x) eQy) (3.36)
Q¢ ={z=c0l(z,,25,23.24) € R¥:z,eR%i= 1.3,4,2, € Qy, } (3.37)

We will now show that, if one takes any solution x;(¢) of the ODE

XV = Wy (@3 (x,, 62, x), u) (3.38)

which is equivalent to system (2.1)=(2.3) for w = W5(®3(x;, x{?, x), u), where x3 = col(xy, x3, x,) =
col(xy, x{2, x{*), substitutes it into system (3.5)

X = X = \Pi(Zé) =¥, (Z;H )= Xy, i=1,2,3 (3.39)
where z) = z,, and uses this system to define the vector functions z,(f) (i = 2, 3, 4), then the system of
vector functions

x(0) = 2, (1), (1), 23(8), 24(8) (3.40)

will be a solution of system (1.11)—(1.13), (1.10).
Substituting the system of vector functions (3.40) into system (1.11)~(1.13), (1.10), all the equations
of the latter become identities; in particular, we obtain the identity

X =2 =F(z) (3.41)

Differentiating this identity with respect to ¢, we obtain

f=h =k =¥)= 9‘_";;&22 (3.42)
2

It is not yet possible to replace z, by the vector function F, since we have not yet shown that the vector

functions x;(t), z,(t), z3(t), z4(¢) (3.40) derived in this way from Eq. (3.38) and system (3.39) indeed satisfy

the initial system of equations (1.11)—(1.13), (1.10); indeed, that is just what has to be proved.
Subtracting identity (3.7) term by term from (3.42), we obtain

o .
Z24) s, - By =0 (3.43)
22
Similarly, differentiating the identities x; = ¥,(z) (i = 3,4) (3.39) with respect to ¢
L i 9W.(Z)y .
X =W()=3 9 '("‘z)zk, i=34

k=2 aZk
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and subtracting the identities

=)=y D@ p ey o34
k=2 aZk

from (3.10) and (3.12), respectively, we obtain

i 9¥,(z})

k=2 azk

(4 - Fz*')=0, i=34 (3.44)
Equations (3.43) and (3.44) may be written as a system of equations in the unknowns (z; — F, k(z'z‘“))
k=234
Jo(2)Xé3 - ' (13)=0 (3.45)
where 23 = col(zy, ... , 25), 25 = U, F3(z3) = col(Fy(23), F3(23), Fa(23))
Y3 (27)
3
22

Jo(33) = (3.46)

is the 6 X 6 Jacobian and ¥3(z3) = col(¥(z,), ¥1(z3), Wa(23)).

Taking relations (3.6)—(3.11) into consideration, we conclude that the matrix function J;, (3.46) is a
lower block-diagonal matrix with diagonal 2 X 2 blocks L; (i = 2, 3, 4) (3.8), (3.9), (3.11), which, by
(3.26), are non-singular. Therefore

rank Jo(23) =6, Vz3 € Qg (3.47)
where

Qg ={z; =colzy, z3) € R* : 2, € Qy, 2, € R?) (3.48)

and, consequently, taking note of (3.47), we conclude that the matrix function Jy (3.46) is also
non-singular. Hence, it follows that at each point of the set £, (3.48), system (3.45) has only the trivial
solution

4 -F(z3)=0

Bearing identity (3.41) in mind, we conclude that the vector functiony = col(xy, z,, 23, z4) = z is a solution
of the initial system of equations (1.11)~(1.13), (1.10).

4. CONTROLLABILITY AND AN ALGORITHM FOR CONSTRUCTING
A PM OF THE TR

We will first show that the model of the TR’s motion in canonical form (2.1)-(2.3) is completely
controllable [6, p. 269]. Since the matrix

S=1Q. PQ..... P7Q| 4.1)

has a submatrix Sy = || Q, PQ, P’Q, P°Q)}, such that, by (2.3), |detSy| = 1 and consequently
rank § = rank Sy = 8 4.2)
it follows that system (2.1)—(2.3) is completely controllable [6, p. 269, Theorem 3.1], i.e., a control law
wew, =w,()= Q*ep-u.—:)Ko-l(xpl —e"x,,o) (4.3)

exists where
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f .
KD = j- eP(x.-r)QQ-eP (r.—r)dr (4'4)
i
is a constant positive definite 8 X 8 matrix by virtue of the complete controllability of system (2.1)—(2.3)
[6], which steers system (2.1)—(2.3) from any initial state x,(tg) = x,0 = ¥(z,0) € R® (in particular, for
Zpp € Qy, where Qy is set (3.37)) to an arbitrary terminal state x, (1) = x,1= ¥(z,) € R (in particular,

for z,; € Qy) in time ¢; — 15 < o along a trajectory

1
xp = Xxp(t)= elt=to )xpo + j'ep("’)pr(s)ds. te(ty, ] (4.5)

fo

P

Note that in order to compute e”'9, "9 U oFT where P is matrix (2.3), one can use the
representation of e’ as

3 Pitl'
e’ = z T
; 13

i=0
Hence, using transformations (3.6) and (3.8)—(3.10), we conclude that the control law
u=u, = Ps(xpy,w,) = O (P (z0).w,) (4.6)
where Wi(zh) = col (¥a(z,2), ¥3(z), Wa(zh2)), and w, and x, are defined by (4.3)~(4.5), steers the
initial model of the motion of the TR (1.11)—(1.13) from any initial state z,(t)) = z,0 € Qy to an
arbitrary terminal state z,(t} = z,; € Sy, where Qy is set (3.37), in time ¢, — #; < < along a
trajectory

2=z, =D(x,) te [1p, 1] 4.7

Therefore, the initial model (1.11)-(1.13), (1.10) for the TR’'s motion is also controllable.

5. STABILTZABILITY CRITERIA FOR A PM OF THE TR

We will first consider the problem of synthesizing stabilizing control laws w and analysing the
stability of a PM x,(f) in the set Qg (3.36), ¢ = 1, for the canonical model (2.1)-(2.3) of the TR’s
motion,

The fact that this model is completely controllable (i.c., that relations (4.2} and (4.3) are satisfied)
implies [6, p. 274, Theorem 4.1] that a constant 2 X 8 matrix of amplification factors

To =|Tor.--+ sl (5.1)

exists where I'y; (j = 1, ... ,4) are 2 X 2 blocks, such that the matrix
T=P+QT, (52)
has given eigenvalues A; (i = 1, ... ,8), in particular, for example, such that the matrix I is stable

(Hurwitzian) [16, p. 597], thatis, Re ; < 0 (i = 1, ... ,8). In addition, the matrix ['; (5.1) may be chosen
so that the matrix I' (5.2) has, say, given distinct, real, negative eigenvalues, that is

A<0 (A#Ag izjii=l.8 j=1,...8) (5.3)
We will synthesize a control law with “canonical” feedback with respect to x, in the form
w=wp+l"0(x—xp) (5.4)

Then the equation of the transients e, = x —x, in the closed system (2.1)-(2.3), (5.4), (5.3) will have
the form
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é,=rex, ex(t0)=exo, t?to (5.5)

Consequently, a PM x,(t) (4.5) of system (2.1)~(2.3), (5.4), (5.1)—(5.3) is asymptotically stable in the
large, with an estimate

|ex (t)l = Bolex (t0 )I exp[‘YO(t —fp )]’ €x (IO) =éc ! =1 (56)

and the damping of the transient e,(¢) will be of a given aperiodic nature (in particular, for e, such that
exo T Xp0 = X = x(tg) € Qo), where

8
Yo=maxh;, A, <0 (i=1...8; Bo=3X[T[>0
i i=1

are the coefficient matrices of the Lagrange—Sylvester interpolation polynomial [7, p. 49]

er(!—lo) = él_"’ exp[}\,i(t -— to)]

and

3

.
2
Za,;)
1j=1
are the Euclidean norms (moduli) of the vector a = col(ay, ..., a,) € R" and n X n matrix

A= lla'7||i,j=|.....n'

Substituting relations (5.4), (5.1)-(5.3) into (3.31) and using the coordinate transformations of the
state space (3.3)-(3.4), (3.6)-(3.11), we obtain the desired stabilizing control law with feedback with
respect to z

lal= (a2 +...+a2)* and |A|=(

u=col(u,uy) = d)s(x;,wp + l"o(x - xp)) =
= @5(W4 (2 ) w, + o[ ¥(2) - ¥(3,))) = col(Bsi(To.1.2) Boa T, 2)) (5.7)
(“i =@, (p.1,2) = hf“’s(‘*’z‘(?—;)’ w,+ 1"o(‘l‘(z) - ‘I’(zp))), i= 1,2)

where A; = col(1, 0), &, = col(0, 1) are two-dimensional vectors, for the initial model of the TR’s motion
(1.11)-(1.13).

The equation of the transient e = z — z, in the initial closed model of the motion of the TR
(1.11)—(1.13), (5.7), (5.1)—(5.3) has the form

é=Fer), elty)=¢y =1 (5.8)
where

F,(e,t)= F(e+ z,,,d)s(‘{’;(e;‘ + zf,z), wp + FO(‘{’(e + z,,)- ‘P(zp)))) - F(zp,up) (5.9)
F;(O,t) = 0, €+ po =29 eQ\y
Let us estimate the transient e in (5.8) and (5.9). We will assume that

2,(N€Q,,, t=1 (5.10)
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where
Q, = {z,, =col(zp,,zP2.z,,3,zp4)eQ\y Dok =

= suple,u () <o (i=3,4; k= 1,2)} (5.11)
=1

Qy is set (3.37) and k,,; (i = 3, 4; k = 1, 2) are certain constants.
Using the formulae for finite increments of vector functions [8, p. 122, Lemma 3.1], relations (5.10),

(5.11), (3.36), (3.37), (3.20) and (3.25), the inequality a® + b = 2% and the estimates
MsQM,ws;qM
= i=]y=

for the moduli of the vector @ € R" and the » X m matrix A, one can show successively (see the Appendix)
that the moduli |¢;| (i = 1, 2, 3, 4) of the subvectors e{(t) (i = 1, 2, 3, 4) of the vector e = z(t) — zp(t)
= col(e,, e,, €3, €4) satisfy estimates (6.1), (6.2), (6.17) and (6.25), respectively, that is

=) - x,10) (5.12)

lev ()| =

lex (1) = [zz(t) - zpz(t)IS v, exz(t)i, t=1, (5.13)

where
}
Vv, = (p2 +e;2)/2 >0,p=1,

ex3(t)|), t=1, (5.14)

les ()] =< V3(eX2(t)|+

: +[e,3|2), t=1, (5.15)

+

+

Ie4(t)| = V4( €2 €x3 €x2
Here v; and v, are certain constants, which will be defined in (6.18) and (6.26).
We now estimate |e(?)| = |z(t) — z,(¢)|, using estimates (5.12)—(5.15) for the vectors ¢;(t) = z(t) -

2,i(t) (i = 2, 3, 4). We obtain

le(t) =|Ao (e, 1)| = |d>(ex +x,)-9(x, )l <

4

Zle o)<

+V4(ex2

1
= I:J JAOO(eex )de:IeX =
0

€. (t)l + Vzl"xz (z)' + v, (lex? (t)'+ Iex3(t)|) +

2

+le 5|+ leca|+ +le

€xa €x2 x3

2
€x3 )S Ad)O(ex):

Iex' = uOIex(t)l =

L}JJA.,,O (e, )|de]

ex(to)iexp[yo(t -t )] = ulA‘}’(eo, I )l exp[‘yo(t -1 )]

eo+zl)0=20 GQ\y, t?to (5_16)

)

Vor =4max{l,v, + V3 + V4, V3 + vy, vy} (5.17)

where

2
‘—’le +|ex3

ADo(e,) = Vorle | + W(
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0AD, (e ) )
JAOO(ex) = "_jael('x_) = |VOIIex| /zexl' (Vm |¢’x| % +2V4)ex2
("Ol|ex|_y2 +2V4)ex3' Vo Iexl—y2 €xa (518)
-~ 3 -
sup I‘IAOO(ex)| < Vo) +2V4 X JEu| = Moo R =RoBo (5.19)
é,€[0.e,]. =19 i=2

[0.e,]={z.[e. =0e,. e, +x,=x€Qq, O<O< 1}

&, = COl(&y1, ... » &xa); &y (i= 1, ... , 4) are two-dimensional vectors and A¥(ey, 7o) = ¥(eg + z,0) —
‘P(Zpo).
If follows from (5.16) and (5.17) that

2

+le,s

2
le(t)] = |A(b(ex.t)| =< A(Do(e,) =V, |ex|+ V, (lexz ), (5.20)
from which it follows that the vector function Ad(e,, ¢) is continuous with respect to e, at e, = 0, uniformly
int € [tg, =], and moreover A®(0, ¢) = 0.
It follows from (5.16)—(5.19), (5.6), (5.3) that

le()] >0 as r— +oo (5.21)

We will show that Lyapunov stability of the solution e,= 0 of system (5.5), (5.1)-(5.3) implies Lyapunov
stability of the solution e = 0 of system (5.9), (5.1)—(5.3).

Take any & > 0. Since the vector function A®(e,, t) = P(e, + x,(t)— P(x,(¢)) is continuous with
respect to e, at e, = 0, uniformly in ¢ € [t), «], it follows that, given & > 0, one can find &y > 0 such
that

le.|<€o =ld= lAq)(ex")I <t (5.22)
where e, = e, (e, t) € = e,(eg, ).

Since the solution e, = 0 of system (5.5), (5.1)—(5.3) is Lyapunov stable, it follows that, given gy > 0,
one can find 3; > 0 such that

<8y = e,(e,o,:)| <€y tE[ty,o) (5.23)

€x0
Consider the vector function
A¥(e,1) = ¥(e+2, (1) - ¥(z, (1)

where ¥ is the vector function (3.3), (3.4), (3.6)-(3.11). Using the continuity with respect toe ate = 0
of the vector function A¥(e, t,), given 8y > 0, one can find § > 0 such that

leo| <8 =

exo = IA\P(eo.to)l < 80 (5.24)

Taking inequalities (5.22)—(5.24) into consideration, we obtain

leo] < 8=

<dy =

.o ex(ex_o,t)l <gg =>|e(ep.t) <&, 121

Consequently, it follows from the Lyapunov stability of the trivial solution of system (5.5), (5.1)—(5.3)
that the trivial solution of system (5.8), (5.9), (5.1)-(5.3) is also Lyapunov stable.
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We have thus shown the following.

Theorem. Let z,(t) be a given (or constructed) PM (5.10), 5.11) of the initial model of TR motion
(1.11)-(1.13), (1.10). Then the stabilizing control Law u (5.7), (5.1)—(5.3) with feedback with respect
to z guarantees asymptotic stability of the PM z,(¢) (5.10), (5.11), and the transient e(t) = z(f) — z,(t)in
the closed initial model of TR motion (1.11)-(1.13), (5.7), (5.1)—(5.3) satisfies estimate (5.16)~(5.19).
Note that, substituting the control law u (5.7), (5.1)~(5.3) into (1.17) and using estimates (5.16)-(5.19)
fore = z — z,, that follow from the theorem proved above, we obtain stabilizing laws for the variation
of the control voltages

uaj

r —
= uy(1) = Lyaj, [®5)(Tp. T.2)dr+
‘o
+Lajaj2$52(r0,t.z), t= tO’ ] = 172 (5.25)
applied to the armature circuits of the DCMs, such that the PM

7, = H,z,

where H, is the matrix defined by transformation (1.16) of the initial equations of motion of the TR
(1.5), (1.6), is asymptotically stable; the transient

e=7-7,= Hz(z—z,,)=H2e
satisfies an estimate
el =< |H,|lel < alAq’(eoJo»eXP[Yo(’“’0)]v e +2,0=2 €y, =10
where
H=|H|n, e=HzZ+ Ho(“ao - “apo) = Hig + Ho(“ao - LaA‘TapO)
Ugy = Ug(0), tgpo = gy (0), Bgpo = U,,(0). The matrices H, and Hy are defined by transformation (1.15).

6. APPENDIX

We will successively estimate the moduli |e;| (i = 1, 2, 3, 4) of the subvectors et) of the vector
e = z(t) — z,(t) = col (e, 3, €3, €4). We have

ey (0] = [ (1) = 2,1 O] = e (O] = | (9 = 5, 0) (6.1)
Using the formula for finite increments of a vector-valued function

Atbz(eﬂ,t) = d)z(ex;, +xp2)— <I>2(xp2)
We obtain {8, p. 122, Lemma 3.1]

le2 (] =Jea ()~ 2,50)] = IA(Dz(exz,t)l =

=[@s(erz + 2p2) - @252 = |col(A<D2, (ex2.1). Ad)n(exz,t))l -

< v2|e,2(t)|, t=1, (6.2)

!
= I [J J a2 (eex 2(1), t)dﬁ:lex NG)
0
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Here, taking note of relations (3.23)—(3.26) and (3.30), we have
AD,, (en»') = q’21(%2 + xp2) - ‘bzl(xpz) =

¥
= P{[(exzn +x,,2|)2 +(ex22 +xp22)2] 6 —[xfm +x’2,22]}’2},

p=1 e, +x,=x;€Qq,

A‘Dzz(exz") = ¢22(ex2 +xp2) —q)22(xp2) =

&xntXpn Xp22
=arctig 22— _arctg L2, e, +x,, =X, €Qy,
€x21 +xp2| Xp21
J (e t)_aA(DZ(ex?")_ Plai(x2) Phaa(x)] _
amlexnt)=—— = =
de,; bhai(%2)  ban(x2)

pcoszy;; Psinzy,

=|_sinz;; ©0Szy |, p=1
91| 221
where
sup I‘IAQZ(éxZ't)l =V

é,2€[0.e,3). =19

[O*exz]z{ExZ ?x2 =eex2’ €x2 +xP2 =X EQ"Z , 0=8=< ]}

v, =(p2+t:{,2)y2 >0, p=1.

Let us estimate |e;(z)| ({ = 3, 4). We have

les (1)) = eitt) 2t = |Ad>,.(e;2,:)| = |c1>,.(e;',2 +xby) -q>,.(x;',2)| <

< |AM,~(ei_2"t)|+|AN,-(ex2,t)xp,-I+|N,-(ex2 + xpz)ex,- , i=3,4

Here (taking note of relations (3.28), (3.29), (3.9)~(3.11) and (6.5))

AMy(e,5.1) = My(e s + x5 ) = My(x,2) = ~D3' CppA®y, (e,,1) = =D5' Cpey,

AM,(€.8) = My(ed, +x3) - My(x32) = L3 (@5 (€2 + x,2))

xKy(@3(e2; + x32))+ L' (@2 (x,2 ))Ka(@3(x3 )) =

= L3/ e2 + 252 )Ka(63 + 25 )+ L' (252 )Ku{zpa) = (2. 1)+ ol enr) + ()
wi(e.t)= ~D5'D;'Go(€3 + 23, [(Crrea + Dyes)
uy(e3.1)= -D5' ;' AGy(€3.1)(Coo + Crazpmr + Dazp3)
Ws(ey,e3) = —D5' (Cypeqy + Cize3)

v 3 3
Gule )= e+ 20) A
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(6.3)

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)
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—km ~ (e + 2o fex2 + 212)
Tl et 253 P —Fpi ey +2p3 - k[IZ(e32 + zp32) (6.10)
—Kg
€3+ 25 €3+ 2p2

where zy = ey + zu (i = 2,3,k =1,2)

I2xij(ex2 +xP2 )||i,j=|.2 =

LEI((DZ(eﬂ +xp2)) = l’lx(exZ +Xp2) =

= 7-! - - -
=L (e2 + zpz) = le(ez + zpz) = ||12zij(f—’2 + zpz)"i e

€082y,  SinZy
sinz;; COSZy

E%] 2

AGo(eg,t) = Go(eg + z?,z) - Go(z;,z) = "Ag()ij(eg,t‘)"’_‘j:L2
Ago”(e;.t) =0, Agmz(eg»’) = ‘(321 +2p0 )332 = Zp32€2
Agon (eg,t) = (921 *+2p21 )—I Z;IZI (Zp21e32 - Zp32‘—’2|) (6.11)

3 R
Agozz(ezv’) =(ezx "'szl) szl[zpzlesl —kf122,2163 +(Ffl = 2p3 +kf121p32)92|]

o) =B = 7 (03l 5]} 5 (15)

= i_—IIALx.i—I(exZ’t)E DALy y(ep.t), i=3,4 (6.12)
Al’lx(eXZ’t) = "Al2xij(ex2’t)||i‘j=|‘2 = Lil(q)i(exz +xp2)) -
- l’zl(q)Z(po)) = lfil(ez +2,)- LE'(sz) = ALy (e.t) = ||A12zij(¢’2’t)||i_j=,_2 (6.13)

Alzxij(exz,t) = lzx,j(exz +xp2) - lzn.j(xpz) = AlZzij(ez»t) -
= lzli/(ez +z,,2)—122,-j(z,,2), Lj=12
Blzan(ez:t) = cos(e22 + ZP22) ~C0S2,5, Al (eyt)= Si“(ezz + Zp22) ~sinz, g,

Siﬂ(ezz + szz) + sin ZP22

e+, Zp2

Ay, pi(ep.t)=-

COS(ezz + szz) cos ZP22

ey +2py Zp21

Aby,p(ex.1) = (6.14)

Let us estimate the modulus |AL,,(e,, £)| of the matrix function AL,, (6.13), (6.14). We have

=

2
ALy, (e207) < i} Z'|A12zij(e2’t)‘ gi 22:
i=lj=

i=lj=I

[ (}) J1;(8ey, t)de}ez

< 2e7lea |+ 2(1+ €' Ylew] < kara.(len]+len]) =1 (6.15)
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where

aAlZzij (82 , t)

Dilex>1) ="Jlijl(e2v’)’-’njz(e2")" T de,

=12 j=12 dylent) =[o-sinfes; +2,5)|

Jialer.1)= "O' cos(e22 tn )"

sin(e22 +2, 22) cos(en +2, 22)

J e, ,t)= I § €y,1)=—
|2||( 2 ) (e2, +Z,,2|)2 mz( 2 ) en+2,m
cosleyy +2 sinle,, + 2
J|221(92»')=—(22—p222)v -’lzzz(ez,')=—'—(£—p—n‘)‘
(821 +Zp2|) €2) +zp2l
) Sup ’J”](ézyt)l=]’ A Sup .len(éz,t)l=e;/2
026[0.62 IR t=1g tzE[O.ez 1. 121
swp () =€y (=12 j=12) (6.16)

éy€{0,e7), t=1g

[O,ez] = {Ezlzz = 9e2, 82 + sz = Zz € Q\yz 0 = 9 = l}
knps, = max{zs;,z,z(l +e7')}
Taking relations (6.2), (6.5), (6.12)-(6.16) into account, we obtain

=

|e3(t)| = ,AM3(efz,t)l+ IAN3(eX2,t)xp3,+IN3(ex2 + xpz)ex3

=

= I—Dz_lczzezll+IDE'AL}'(esz)xﬁl"'lDz-lIil(exz + po)eXS

e,3(t)|] =

=< Vso[lezl (0] + kALZz(IeZI (0| + |822(t)|) +V;

€3 (0)]) < 2vpler O]+ Vagle,a ()] <

< V32(|ezl(')|+lezz(‘)|+

< vyfle20f+less@)). 121 (6.17)

where
kxp3’ |D5II}’

kyp3 = suplxp3(t)| = supl‘l"}(z‘},z(t))l, Vi = max{l + kAL2z'kAL2z’V2} (6.18)
t=1g 1219

V30 = maX{'Dz—l“sz l, IDZ_l

Vi =ViVy, V3 =max{2vyvy, vy}

Let us estimate |e,(r)| (6.7). To do this we first estimate the modulus |Gy(e3 + zf,z)l of the matrix
function G, (6.10). We obtain

lGO(eg +zf,2)|s -2| il‘goij(e% +z,3,2)|s lk,,,l+
==

-l
“"I(ezn +Zp2|)(832 + Zp32)‘+|(e2l + szn) (832 + Zp32)|+
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-l
+|"kfll +(e21 +Zp2|) ["Ffl +ey + 2,3 'kflz(e32 "'Zpsz)]ls

=< koo +k03,|e3, + Zp3||+k032|932 +Zp32| =< koco(l +|‘53| + Zp3ll+|e32 +Zp32|) =
< kgo(t+lesi|+lexl). 121 (6.19)
where

T L=t . o=t
koot =2kg +|Fpi|/ 8y, kozy = sup |z (1) =gy
221€€Q;2y, 1219

ks = Sup [|z2, of+(1+ kle)lzz'nl (:)” =ky +(1+ ks Jey/ (6.20)
0

221 €Q,2). 121

kogo = max{ke) koz1.kona } kg = kogo(1+ kepas +kpp32)
We will now estimate the modulus AGy(e3, £) for the matrix function AG, (6.11). We have
|AGO (€3, t)| < |Agm2 (e2, t)l + |A802| (e2, t)l + |Ag022 (e3. t)| <
< kyplen)+ kiailen]+ kisalesal < kagollen ]+ lesi|+lesal) =1 (6.21)

where

(ez,(z)+z,,z,(r))"z;'z,(z)z,,32(z)l+

kg = sup[,z,m (t)l +

EIN

+ (€2| (t)+ ZPZ'(I))—I Z;|2|(t)(Ff| - Zp3|(t)+ kf|22p32(t))|] =

= kyy3 +e;,2[|Ff,|+ kep +(1 +km)kzp32]

ki3, = sup
121y

(ea(0+2,2 (t))"l = kgy =€} (6.22)

ky3p = sup[|e2|(t)+ z,,z,(t)|+ (ezl(t)+ szl(t))"(l + km)” =

1210
=ky + ﬁf/l(l +kfl2)v kago = max{kiz1, ki3, ki3 }

Let us estimate the modulus AM,(e3, ) of the vector function AM, (6.9). Using estimates (6.19), (6.20)
and (6.21), (6.22) for the matrix functions G (6.10) and AG, (6.11), we obtain

e < (e ek s ) =

< ka(1+ lea|+lesl)ear| + lesl) + ka{len] +len| +lesa])+

+hyslean |+ les]) < kansa(1+len |+ lesal)lea| +lesl) +

+2en|+lea| +ex|+es]h =1 (6.23)
where

|l~l|(923»’)| = I—D:IlDz-IGo(e; + 2,3:2)(C22€2| +D,ey )| =
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<|-05'D5'[Go €3 + 25 | Crzeas + Dies| <

< ky(1+enl+lesl)lea | +lesl) 22 1

Ky =|D5" D3 fkokowrs kot = max{|Czo} |y}

[pz(eg,r)| =|-03' D5 aGy(€.1) Coo + Cazpm + Dzzp3)| <

< ks (lear| +lesi| +ewal) =1 (6.24)
ku> =|D3" D5 [kagolkopz»

sup(|Cool +Cra2, 21 0] + D2l 5 (1)) < [Cool + [Cralky +|Palkes = ko
l?lo

|ll3(92|’33)| = I‘Ds_l(cszezn + C3333)| < kyz(lear] +les))

kys = max{|D;'c32|,|D;'c33|}, kapsa = manfky, . kg ks }

Using relations (6.5), (6.19)-(6.24), we estimate the modulus |e4(t)] (6.7). We obtain

where

<

lea(n)] =< |AM4(e22,t)'+IAN4(e,2,t)xp4|+|N4(exz + xp2)ex4

< kAm[(l +|e3,l+|e32|)(|e2,|+[e3|)+ ey | +lesi|+ |e32|+|e3|] +

+’<A/~/4|"2|+ knalexs| < ke4[3|32||+|e3||+|e32|+
+2le3l+(|e3,|2 +|e2,|2)/2+(|e32|2 +|e2,|2)/2+

+{lesl” +les )12+ (lesf +lesf')/2+ex]+

)<

2), =1, (6.25)

|<

€xa

< kea(4eal+ des] +feof +2fesf +

€x4

2

+le | +ledl+ +

= v4(ex2 €3 €x4 €r2 €x3

kana = 2|D3_ ID{ llkALZkapAv

(252 0)

k.rp4 = SUpIXp4(t)| = Sup
121 =1
kyg = |D3"D2"|v2, koo = max{kupq. kang kns} (6.26)

V4 = ke4 X max{4V2,4V3,V§,2V§,]}
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